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CHARACTERIZATION OF WAVELETS AND MRA WAVELETS ON
LOCAL FIELDS OF POSITIVE CHARACTERISTIC
BISWARANJAN BEHERA AND QAISER JAHAN
Abstract. We provide a characterization of wavelets on local fields of positive charac-
teristic based on results on affine and quasi affine frames. This result generalizes the
characterization of wavelets on Euclidean spaces by means of two basic equations. We also
give another characterization of wavelets. Further, all wavelets which are associated with
a multiresolution analysis on a such a local field are also characterized.
1. Introduction
The concept of wavelet is defined and studied extensively in the Euclidean spaces Rn.
The characterization of wavelets of L2(R) was obtained independently by Wang [21] and
Gripenberg [13] in terms of two basic equations involving the Fourier transform of the
wavelet (see also [14] and [15]). This result was generalized to L2(Rn) by Frazier, Garrigo´s,
Wang, and Weiss [12] for dilation by 2 and by Calogero [9] for wavelets associated with a
general dilation matrix. Bownik [7] provided a new approach to characterizing multiwavelets
in L2(Rn). This characterization was obtained by using the results about shift invariant
systems and quasi-affine systems in [6, 19] and [11].
The notion of multiresolution analysis (MRA) is closely related to wavelets. In fact, it is
well known that one can always construct a wavelet from an MRA. But, all wavelets are not
obtained in this way. It was proved independently by Gripenberg [13] and Wang [21] that
a wavelet arises from an MRA if and only if its dimension function is 1 a.e. Calogero and
Garrigo´s [10] gave a characterization of wavelet families arising from biorthogonal MRAs
of multiplicity d. This result was improved by Bownik and Garrigo´s in [8], where they
provided this characterization in terms of the dimension function.
In this article, we will give a characterization of wavelets on local fields of positive char-
acteristic by using the results on affine and quasi-affine frames on such fields obtained in
an earlier article [5]. We will also characterize the wavelets associated with an MRA. For
some other aspects of wavelet on such fields, we refer to [2], [3] and [4].
The local fields are essentially of two type (excluding the connected local fields R and C),
namely, the local fields of characteristic zero and those of positive characteristic. The p-adic
field Qp is a local field of characteristic 0. Examples of local fields of positive characteristic
are the Cantor dyadic group and the Vilenkin p-groups. Even though the algebraic structure
of local fields of positive characteristic is same as the real number field and its translation
set {u(k) : k ∈ N0} forms a group, it is not true in general that u(k) + u(l) = u(k + l) for
nonnegative integers k and l (see section 2 for details). This problem does not show up in
the Euclidean case. We have to deal with issues related to this problem separately.
This article is organized as follows. In section 2, we give a brief introduction to the local
fields and Fourier analysis on such a field. In section 3, we recall some results on the affine
and quasi-affine systems on a local field of positive characteristic and use them to provide a
characterization of wavelets. We also give another characterization of wavelets. In section 4,
we characterize the MRA wavelets.
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2. Preliminaries on local fields
Let K be a field and a topological space. Then K is called a locally compact field or a
local field if both K+ and K∗ are locally compact abelian groups, where K+ and K∗ denote
the additive and multiplicative groups of K respectively.
If K is any field and is endowed with the discrete topology, then K is a local field.
Further, if K is connected, then K is either R or C. If K is not connected, then it is totally
disconnected. So by a local field, we mean a field K which is locally compact, nondiscrete
and totally disconnected.
We use the notation of the book by Taibleson [20]. Proofs of all the results stated in this
section can be found in the books [20] and [18].
Let K be a local field. Since K+ is a locally compact abelian group, we choose a Haar
measure dx for K+. If α 6= 0, α ∈ K, then d(αx) is also a Haar measure. Let d(αx) = |α|dx.
We call |α| the absolute value or valuation of α. We also let |0| = 0.
The map x→ |x| has the following properties:
(a) |x| = 0 if and only if x = 0;
(b) |xy| = |x||y| for all x, y ∈ K;
(c) |x+ y| ≤ max{|x|, |y|} for all x, y ∈ K.
Property (c) is called the ultrametric inequality. It follows that
|x+ y| = max{|x|, |y|}if |x| 6= |y|.
The set D = {x ∈ K : |x| ≤ 1} is called the ring of integers in K. It is the unique
maximal compact subring of K. Define P = {x ∈ K : |x| < 1}. The set P is called the
prime ideal in K. The prime ideal in K is the unique maximal ideal in D. It is principal
and prime.
Since K is totally disconnected, the set of values |x| as x varies over K is a discrete set
of the form {sk : k ∈ Z} ∪ {0} for some s > 0. Hence, there is an element of P of maximal
absolute value. Let p be a fixed element of maximum absolute value in P. Such an element
is called a prime element of K. Note that as an ideal in D,P = 〈p〉 = pD.
It can be proved that D is compact and open. Hence, P is compact and open. Therefore,
the residue space D/P is isomorphic to a finite field GF (q), where q = pc for some prime p
and c ∈ N. For a proof of this fact we refer to [20].
For a measurable subset E of K, let |E| =
∫
K χE(x)dx, where χE is the characteristic
function of E and dx is the Haar measure of K normalized so that |D| = 1. Then, it is easy
to see that |P| = q−1 and |p| = q−1 (see [20]). It follows that if x 6= 0, and x ∈ K, then
|x| = qk for some k ∈ Z.
Let D∗ = D \P = {x ∈ K : |x| = 1}. D∗ is the group of units in K∗. If x 6= 0, we can
write x = pkx′, with x′ ∈ D∗.
Recall that D/P ∼= GF (q). Let U = {ai : i = 0, 1, . . . , q− 1} be any fixed full set of coset
representatives of P in D. Let Pk = pkD = {x ∈ K : |x| ≤ q−k}, k ∈ Z. These are called
fractional ideals. Each Pk is compact and open and is a subgroup of K+ (see [18]).
If K is a local field, then there is a nontrivial, unitary, continuous character χ on K+. It
can be proved that K+ is self dual (see [20]).
Let χ be a fixed character on K+ that is trivial on D but is nontrivial on P−1. We
can find such a character by starting with any nontrivial character and rescaling. We will
define such a character for a local field of positive characteristic. For y ∈ K, we define
χy(x) = χ(yx), x ∈ K.
Definition 2.1. If f ∈ L1(K), then the Fourier transform of f is the function fˆ defined by
fˆ(ξ) =
∫
K
f(x)χξ(x) dx.
Note that
fˆ(ξ) =
∫
K
f(x)χ(ξx) dx =
∫
K
f(x)χ(−ξx) dx.
Similar to the standard Fourier analysis on the real line, one can prove the following
results.
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(a) The map f → fˆ is a bounded linear transformation of L1(K) into L∞(K), and
‖fˆ‖∞ ≤ ‖f‖1.
(b) If f ∈ L1(K), then fˆ is uniformly continuous.
(c) If f ∈ L1(K) ∩ L2(K), then ‖fˆ‖2 = ‖f‖2.
To define the Fourier transform of function in L2(K), we introduce the functions Φk. For
k ∈ Z, let Φk be the characteristic function of P
k.
Definition 2.2. For f ∈ L2(K), let fk = fΦ−k and
fˆ(ξ) = lim
k→∞
fˆk(ξ) = lim
k→∞
∫
|x|≤qk
f(x)χξ(x) dξ,
where the limit is taken in L2(K).
We have the following theorem (see Theorem 2.3 in [20]).
Theorem 2.1. The fourier transform is unitary on L2(K).
A set of the form h+Pk will be called a sphere with centre h and radius q−k. It follows
from the ultrametric inequality that if S and T are two spheres in K, then either S and T
are disjoint or one sphere contains the other. Also, note that the characteristic function of
the sphere h+Pk is Φk(· − h) and that Φk(· − h) is constant on cosets of P
k.
Let χu be any character on K
+. Since D is a subgroup of K+, the restriction χu|D is
a character on D. Also, as characters on D, χu = χv if and only if u − v ∈ D. That is,
χu = χv if u + D = v + D and χu 6= χv if (u + D) ∩ (v + D) = φ. Hence, if {u(n)}
∞
n=0
is a complete list of distinct coset representative of D in K+, then {χu(n)}
∞
n=0 is a list of
distinct characters on D. It is proved in [20] that this list is complete. That is, we have the
following proposition.
Proposition 2.1. Let {u(n)}∞n=0 be a complete list of (distinct) coset representatives of D
in K+. Then {χu(n)}
∞
n=0 is a complete list of (distinct) characters on D. Moreover, it is a
complete orthonormal system on D.
Given such a list of characters {χu(n)}
∞
n=0, we define the Fourier coefficients of f ∈ L
1(D)
as
fˆ(u(n)) =
∫
D
f(x)χu(n)(x)dx.
The series
∞∑
n=0
fˆ(u(n))χu(n)(x) is called the Fourier series of f . From the standard L
2-theory
for compact abelian groups we conclude that the Fourier series of f converges to f in L2(D)
and Parseval’s identity holds: ∫
D
|f(x)|2dx =
∞∑
n=0
|fˆ(u(n))|2.
Also, if f ∈ L1(D) and fˆ(u(n)) = 0 for all n = 0, 1, 2, . . . , then f = 0 a. e.
These results hold irrespective of the ordering of the characters. We now proceed to
impose a natural order on the sequence {u(n)}∞n=0. Note that Γ = D/P is isomorphic
to the finite field GF (q) and GF (q) is a c-dimensional vector space over the field GF (p).
We choose a set {1 = ǫ0, ǫ1, ǫ2, . . . , ǫc−1} ⊂ D
∗ such that span{ǫj}
c−1
j=0
∼= GF (q). Let
N0 = N ∪ {0}. For n ∈ N0 such that 0 ≤ n < q, we have
n = a0 + a1p+ · · ·+ ac−1p
c−1, 0 ≤ ak < p, k = 0, 1, . . . , c− 1.
Define
(2.1) u(n) = (a0 + a1ǫ1 + · · ·+ ac−1ǫc−1)p
−1.
Note that {u(n) : n = 0, 1, . . . , q− 1} is a complete set of coset representatives of D in P−1.
Now, for n ≥ 0, write
n = b0 + b1q + b2q
2 + · · ·+ bsq
s, 0 ≤ bk < q, k = 0, 1, 2, . . . , s,
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and define
(2.2) u(n) = u(b0) + u(b1)p
−1 + · · · + u(bs)p
−s.
This defines u(n) for all n ∈ N0. In general, it is not true that u(m+ n) = u(m) + u(n).
But it follows that
(2.3) u(rqk + s) = u(r)p−k + u(s) if r ≥ 0, k ≥ 0 and 0 ≤ s < qk.
In the following proposition we list some properties of {u(n)} which will be used later.
For a proof, we refer to [3].
Proposition 2.2. For n ∈ N0, let u(n) be defined as in (2.1) and (2.2). Then
(a) u(n) = 0 if and only if n = 0. If k ≥ 1, then |u(n)| = qk if and only if qk−1 ≤ n < qk;
(b) {u(k) : k ∈ N0} = {−u(k) : k ∈ N0};
(c) for a fixed l ∈ N0, we have {u(l) + u(k) : k ∈ N0} = {u(k) : k ∈ N0}.
For brevity, we will write χn = χu(n) for n ∈ N0. As mentioned before, {χn : n ∈ N0} is
a complete set of characters on D.
Let K be a local field of characteristic p > 0 and ǫ0, ǫ1, . . . , ǫc−1 be as above. We define
a character χ on K as follows (see [22]):
(2.4) χ(ǫµp
−j) =
{
exp(2πi/p), µ = 0 and j = 1,
1, µ = 1, . . . , c− 1 or j 6= 1.
Note that χ is trivial on D but nontrivial on P−1.
In order to be able to define the concepts of multiresolution analysis and wavelet on local
fields, we need analogous notions of translation and dilation. Since
⋃
j∈Z
p−jD = K, we can
regard p−1 as the dilation (note that |p−1| = q) and since {u(n) : n ∈ N0} is a complete list
of distinct coset representatives of D in K, the set {u(n) : n ∈ N0} can be treated as the
translation set. Note that it follows from Proposition (2.2) that the translation set form a
subgroup of K+.
A function f on K will be called integral-periodic if
f(x+ u(k)) = f(x) for all k ∈ N0.
3. The characterization of wavelets
For j ∈ Z and y ∈ K, we define the dilation operator δj and the translation operator τy
as follows:
δjf(x) = q
j/2f(p−jx) and τyf(x) = f(x− y), f ∈ L
2(K).
Definition 3.1. Let Ψ = {ψ1, ψ2, . . . , ψL} be a finite family of functions in L2(K). The
affine system generated by Ψ is the collection
X(Ψ) = {ψlj,k : 1 ≤ l ≤ L, j ∈ Z, k ∈ N0},
where ψlj,k(x) = q
j/2ψl(p−jx− u(k)) = δjτu(k)ψ
l(x). The quasi-affine system generated by
Ψ is
X˜(Ψ) = {ψ˜lj,k : 1 ≤ l ≤ L, j ∈ Z, k ∈ N0},
where
(3.1) ψ˜lj,k(x) =
{
δjτu(k)ψ
l(x) = qj/2ψl(p−jx− u(k)), j ≥ 0, k ∈ N0.
qj/2τu(k)δjψ
l(x) = qjψl(p−j(x− u(k))), j < 0, k ∈ N0.
We say that Ψ is a set of basic wavelets of L2(K) if the affine system X(Ψ) forms an
orthonormal basis for L2(K).
Definition 3.2. A subset X of L2(K) is called a Bessel family if there exists a constant
B > 0 such that ∑
η∈X
|〈f, η〉|2 ≤ B‖f‖2 for all f ∈ L2(K).(3.2)
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If, in addition, there exists a constant A > 0, A ≤ B such that
A‖f‖2 ≤
∑
η∈X
|〈f, η〉|2 ≤ B‖f‖2 for all f ∈ L2(K),(3.3)
then X is called a frame. The frame is tight if we can choose A and B such that A = B.
The affine system X(Ψ) is an affine frame if (3.3) holds for X = X(Ψ). Similarly, the
quasi-affine system X˜(Ψ) is a quasi-affine frame if (3.3) holds for X = X˜(Ψ).
Ron and Shen in [19] and later Chui, Shi and Sto¨ckler in [11] have observed the relation-
ship between affine and quasi-affine frames in Rn. In [5], we have extended their result to
the case of local fields of positive characteristic.
Theorem 3.1. Let Ψ be a finite subset of L2(K). Then
(a) X(Ψ) is a Bessel family if and only if X˜(Ψ) is a Bessel family. Furthermore, their
exact upper bounds are equal.
(b) X(Ψ) is an affine frame if and only if X˜(Ψ) is a quasi-affine frame. Furthermore,
their lower and upper exact bounds are equal.
Definition 3.3. Given {ti : i ∈ N} ⊂ ℓ
2(N0), define the operator H : ℓ
2(N0)→ ℓ
2(N) by
H(v) =
(
〈v, ti〉
)
i∈N
.
If H is bounded then G˜ = H∗H : ℓ2(N0)→ ℓ
2(N0) is called the dual Gramian of {ti : i ∈ N}.
Observe that G˜ is a non negative definite operator on ℓ2(N0). Also, note that for r, s ∈ N0,
we have
〈G˜er, es〉 = 〈Her,Hes〉 =
∑
i∈N
ti(r)ti(s),
where {ei : i ∈ N0} is the standard basis of ℓ
2(N0).
The following result characterizes when the system of translates of a given family of
functions is a frame in terms of the dual Gramian. The proof is an easy generalization of
the corresponding results on the Euclidean cases given in [19] and [6].
Theorem 3.2. Let {ϕi : i ∈ N} ⊂ L
2(K) and for a.e. ξ ∈ D, let G˜(ξ) denote the
dual Gramian of {ti = (ϕˆi(ξ + u(k)))k∈N0 : i ∈ N} ⊂ ℓ
2(N0). The system of translates
{Tkϕi : k ∈ N0, i ∈ N} is a frame for L
2(K) with constants A and B if and only if G˜(ξ) is
bounded for a.e. ξ ∈ D and
A‖v‖2 ≤ 〈G˜(ξ)v, v〉 ≤ B‖v‖2 for v ∈ ℓ2(N0) and for a.e. ξ ∈ D,
that is, the spectrum of G˜(ξ) is contained in [A,B] for a.e. ξ ∈ D,
We first prove a lemma which gives necessary and sufficient conditions for the orthonor-
mality of an affine system.
Lemma 3.1. Suppose that Ψ = {ψ1, ψ2, . . . ψL} ⊆ L2(K). The affine system X(Ψ) is
orthonormal in L2(K) if and only if
(3.4)
∑
k∈N0
ψˆl(ξ + u(k))ψˆm(p−j(ξ + u(k))) = δj,0δl,m for a.e. ξ ∈ K, 1 ≤ l,m ≤ L, j ≥ 0.
Proof. Using Proposition 2.2(b) and (c), we observe that
〈ψlj,k, ψ
l′
j′,k′〉 = δl,l′δj,j′δk,k′ , 1 ≤ l, l
′ ≤ L, j, j′ ∈ Z, k, k′ ∈ N0
is equivalent to
〈ψlj,k, ψ
l′
0,0〉 = δl,l′δj,0δk,0 1 ≤ l, l
′ ≤ L, j ≥ 0, k ∈ N0.
Now, let 1 ≤ l ≤ L, j ≥ 0, k ∈ N0. Then
〈ψlj,k, ψ
l′
0,0〉 = 〈ψˆ
l
j,k, ψˆ
l′
0,0〉
=
∫
K
q−j/2ψˆl(pjξ)χk(pjξ)ψˆl
′(ξ)dξ
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=
∫
K
qj/2ψˆl(ξ)χk(ξ)ψˆl
′(p−jξ)dξ
= qj/2
∫
D
{ ∑
n∈N0
ψˆl(ξ + u(n))ψˆl′(p−j(ξ + u(n)))
}
χk(ξ)dξ.
If 〈ψlj,k, ψ
l′
0,0〉 = δl,l′δj,0δk,0 for all l, l
′ ∈ {1, 2, . . . L}, j ≥ 0 and k ∈ N0, then the L
1(D)
function F , where F (ξ) =
∑
n∈N0
ψˆl(ξ + u(n))ψˆl
′
(p−j(ξ + u(n))), has the property that its
Fourier coefficients are all zero except for the coefficient corresponding to k = 0, which is 1
if j = 0 and l = l′. Hence, F = δj,0δl,l′ a.e. Conversely, if F = δj,0δl,l′ a.e, then the same
calculation shows that 〈ψlj,k, ψ
l′
0,0〉 = δl,l′δj,0δk,0, since {χn : n ∈ N0} is an orthonormal basis
of L2(D) (see Proposition 2.1). 
Define Dj as follows:
Dj =
{
{0, 1, . . . qj − 1}, j ≥ 0,
0, j < 0.
Let
A = {ψ˜lj,d : 1 ≤ l ≤ L, j ∈ Z, d ∈ Dj}
= {ψ˜lj,0 : 1 ≤ l ≤ L, j < 0} ∪ {ψ˜
l
j,d : 1 ≤ l ≤ L, j ≥ 0, d ∈ Dj}.
If j < 0, then τu(k)ψ˜
l
j,0(x) = ψ˜
l
j,0(x − u(k)) = q
jψl(p−j(x − u(k))) = ψ˜lj,k. For j ≥ 0,
0 ≤ d ≤ qj − 1, k ≥ 0, we have
τu(k)ψ˜
l
j,d(x) = ψ˜
l
j,d(x− u(k)) = ψ
l
j,d(x− u(k))
= qj/2ψl(p−j(x− u(k))− u(d))
= qj/2ψl(p−jx− (p−ju(k) + u(d)))
= qj/2ψl(p−jx− u(kqj + d))
= ψlj,kqj+d(x).
Since it is true that for each j ≥ 0, every non negative integer m can uniquely be written
as m = kqj + d, where k ∈ N0, d ∈ Dj , it follows that
X˜(Ψ) = {τu(k)ϕ : k ∈ N0, ϕ ∈ A}.
We now define the dual Gramian G˜(ξ) of the quasi-affine system X˜(Ψ) at ξ ∈ D to be
the dual Gramian of {(ϕˆ(ξ + u(k)))k∈N0 : ϕ ∈ A} ⊂ ℓ
2(N0). The following lemma will be
used later in the computation of G˜(ξ).
Lemma 3.2. Let j ≥ 0. For p, k ∈ N0,
(3.5) q−j
∑
t∈Dj
χ
((
u(p)− u(k)
)
pju(t)
)
=
{
1, if p− k ∈ qjN0.
0, otherwise.
Proof. The integers p, k ∈ N0 can uniquely be written as p = r + q
jm1 and k = s + q
jm2,
where m1,m2 ∈ N0 and 0 ≤ r, s ≤ q
j − 1. Using (2.3), we have u(p) = u(r)+ p−ju(m1) and
u(k) = u(s) + p−ju(m2). Hence,
χ
(
(u(p)− u(k))pju(t)
)
= χ
(
(u(r)− u(s))pju(t) + (u(m1)− u(m2))u(t)
)
= χ
(
(u(r)− u(s))pju(t)
)
,
since χ(u(k)u(l)) = 1 for k, l ∈ N0 (see Proposition 2 in [16]). Hence, it is enough to show
that if 0 ≤ r, s ≤ qj − 1, then
(3.6) q−j
qj−1∑
t=0
χ
(
(u(r)− u(s))pju(t)
)
= δr,s.
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If r = s then u(r) − u(s) = 0, hence both sides of the equation (3.6) are 1. We now
assume that r 6= s. Let
r = a0 + a1q + · · · + aj−1q
j−1 and s = b0 + b1q + · · ·+ bj−1q
j−1,
where 0 ≤ am, bm ≤ q − 1 for m = 0, 1, . . . , j − 1. Then from (2.2), we have
u(r) = u(a0) + u(a1)p
−1 + · · ·+ u(aj−1)p
−j+1
and
u(s) = u(b0) + u(b1)p
−1 + · · ·+ u(bj−1)p
−j+1.
Similarly, let t = c0 + c1q + · · · + cj−1q
j−1, where 0 ≤ cn ≤ q − 1 for n = 0, 1, . . . , j − 1 so
that
u(t) = u(c0) + u(c1)p
−1 + · · ·+ u(cj−1)p
−j+1.
Recall that D/P ∼= GF (q) ∼= span{ǫj}
c−1
j=0. Since {u(n)p : n = 0, 1, . . . , q − 1} is a
complete set of coset representatives of P in D, for each n = 0, 1, . . . , j − 1, we can write
u(cn)p = λ
n
0 ǫ0 + λ
n
1 ǫ1 + · · · + λ
n
c−1ǫc−1,
where 0 ≤ λn0 , λ
n
1 , . . . , λ
n
c−1 ≤ p − 1. It can easily be seen that for each l = 0, 1, . . . , c − 1,
{ǫlu(n)p : n = 0, 1, . . . , q − 1} is also a complete set of coset representatives of P in D.
Hence, we have
ǫlu(am)p = α
m,l
0 ǫ0 + α
m,l
1 ǫ1 + · · · + α
m,l
c−1ǫc−1, l = 0, 1, . . . , c− 1,
where 0 ≤ αm,l0 , α
m,l
1 , . . . , α
m,l
c−1 ≤ p− 1. Therefore,
u(r)pju(t) =
j−1∑
m=0
j−1∑
n=0
(
u(am)pu(cn)p
)
pj−m−n−2
=
j−1∑
m=0
j−1∑
n=0
( c−1∑
l=0
λnl ǫlu(am)p
)
pj−m−n−2
=
j−1∑
m=0
j−1∑
n=0
c−1∑
l=0
c−1∑
k=0
λnl α
m,l
k ǫkp
j−m−n−2.
By the definition of the character χ (see (2.4)), we have
χ(u(r)pju(t)) = exp
(
2πi
p
c−1∑
l=0
(λ0l α
j−1,l
0 + λ
1
l α
j−2,l
0 + · · ·+ λ
j−1
l α
0,l
0 )
)
.
Similarly, we can write
χ(u(s)pju(t)) = exp
(
2πi
p
c−1∑
l=0
(λ0l β
j−1,l
0 + λ
1
l β
j−2,l
0 + · · ·+ λ
j−1
l β
0,l
0 )
)
.
where 0 ≤ βm,l0 ≤ p− 1 for m = 0, 1, . . . , j − 1 and l = 0, 1, . . . , c− 1.
Observe that as t varies from 0 to qj−1, the integers c0, . . . , cj−1 all vary from 0 to q−1.
Hence, the integers λnl vary from 0 to p− 1 for 0 ≤ l ≤ c− 1 and 0 ≤ n ≤ j − 1. Therefore,
qj−1∑
t=0
χ
(
(u(r)− u(s))pju(t)
)
=
qj−1∑
t=0
χ
(
u(r)pju(t)
)
χ
(
u(s)pju(t)
)
=
(
p−1∑
λ0
0
=0
exp
(
2πi
p (α
j−1,0
0 − β
j−1,0
0 )λ
0
0
))
. . .
(
p−1∑
λj−1
0
=0
exp
(
2πi
p (α
0,0
0 − β
0,0
0 )λ
j−1
0
))
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×
(
p−1∑
λ0
1
=0
exp
(
2πi
p (α
j−1,1
0 − β
j−1,1
0 )λ
0
1
))
. . .
(
p−1∑
λj−1
1
=0
exp
(
2πi
p (α
0,1
0 − β
0,1
0 )λ
j−1
1
))
. . .
×
(
p−1∑
λ0c−1=0
exp
(
2πi
p (α
j−1,c−1
0 − β
j−1,c−1
0 )λ
0
c−1
))
. . .
(
p−1∑
λj−1c−1=0
exp
(
2πi
p (α
0,c−1
0 − β
0,c−1
0 )λ
j−1
c−1
))
.
Since r 6= s, we have am 6= bm for some m = 0, 1, . . . , j−1. We claim that there exists some
l ∈ {0, 1, . . . , c − 1} such that αm,l0 6= β
m,l
0 . If α
m,l
0 = β
m,l
0 for all l ∈ {0, 1, . . . , c − 1}, then
since u(am)p 6= u(bm)p, we have
GF (q) = span{(u(am)p− u(bm)p)ǫl}
c−1
l=0
= span
{
(αm,l0 − β
m,l
0 )ǫ0 + · · ·+ (α
m,l
c−1 − β
m,l
c−1)ǫc−1
}
⊆ span{ǫ1, ǫ2, . . . , ǫc−1}.
This is a contradiction which proves the claim. Now for any l such that αm,l0 6= β
m,l
0 , we
observe that
p−1∑
λj−1−m
l
=0
exp
(
2πi
p (α
m,l
0 − β
m,l
0 )λ
j−1−m
l
)
is a factor in the above product. But its value is equal to
1−exp
(
2πi(αm,l
0
−βm,l
0
)
)
1−exp
(
2πi
p (α
m,l
0
−βm,l
0
)
) = 0,
since αm,l0 − β
m,l
0 is an integer with absolute value less than p. This completes the proof of
the lemma. 
For s ∈ N0 \ qN0, define the function
(3.7) ts(ξ) =
L∑
l=1
∞∑
j=0
ψˆl(p−jξ)ψˆl(p−j(ξ + u(s))).
In the following lemma we compute the dual Gramian G˜(ξ) of the quasi-affine system
X˜(Ψ) at ξ ∈ D in terms of the Fourier transforms of functions in Ψ.
Lemma 3.3. Let Ψ = {ψ1, ψ2, . . . , ψL} ⊆ L2(K) and G˜(ξ) be the dual Gramian of X˜(Ψ)
at ξ ∈ D. Then
(3.8) 〈G˜(ξ)ek, ek〉 =
L∑
l=1
∑
j∈Z
|ψˆl(p−j(ξ + u(k)))|2 for k ∈ N0,
and
(3.9) 〈G˜(ξ)ek′ , ek〉 = ts(p
mξ + pmk) for k, k′ ∈ N0, k 6= k
′,
where m = max{j ≥ 0 : k − k′ ∈ qjN0}, s ∈ N0 \ qN0 is such that u(s) = p
m(u(k′)− u(k)),
and ts is the function defined in (3.7).
Proof. For k, k′ ∈ N0, we have
〈G˜(ξ)ek′ , ek〉 =
∑
ϕ∈A
ϕˆ(ξ + u(k))ϕˆ(ξ + u(k′))
=
L∑
l=1
∑
j<0
ψˆl(pj(ξ + u(k)))ψˆl(pj(ξ + u(k′)))
+
L∑
l=1
∑
j≥0
ψˆl(pj(ξ + u(k)))ψˆl(pj(ξ + u(k′)))
×
∑
d∈Dj
q−jχξ+u(k)(pju(d))χξ+u(k′)(p
ju(d))).
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The sum over Dj is equal to∑
d∈Dj
q−jχu(k)(pju(d))χu(k′)(p
ju(d))) =
∑
d∈Dj
q−jχ
(
u(d)pj(u(k′)− u(k))
)
.
By Lemma 3.2, this expression is equal to 1 if k′ − k ∈ qjN0 and 0 otherwise. Therefore, if
k = k′, then
〈G˜(ξ)ek, ek〉 =
L∑
l=1
∑
j∈Z
| ψˆl(p−j(ξ + u(k))) |2 for k ∈ N0,
If k 6= k′, let m = max{j ≥ 0 : k − k′ ∈ qjN0}. Then, the sum over Dj will contribute 1 for
each j = 0, 1 . . . m and then 0 from m+ 1 onwards. Thus,
〈G˜(ξ)ek′ , ek〉 =
L∑
l=1
m∑
j=−∞
ψˆl(pj(ξ + u(k)))ψˆl(pj(ξ + u(k′)))
=
L∑
l=1
∞∑
j=−m
ψˆl(p−j(ξ + u(k)))ψˆl(p−j(ξ + u(k′)))
=
L∑
l=1
∞∑
j=0
ψˆl(pm−j(ξ + u(k)))ψˆl(pm−j(ξ + u(k′)))
=
L∑
l=1
∞∑
j=0
ψˆl(p−j(pmξ + pmu(k)))
×ψˆl(p−j(pmξ + pmu(k) + pm(u(k′)− u(k))).
Let k′ = c0 + c1q + · · · + cJq
J and k = d0 + d1q + · · · + dJq
J . Since k′ − k ∈ qmN0 but
k′ − k /∈ qm+1N0, we have ci = di for all i = 1, 2, . . . ,m− 1 and cm 6= dm. Hence,
pm(u(k′)− u(k)) = u(cm + cm+1q + · · · + cJq
J−m)− u(dm + dm+1q + · · ·+ dJq
J−m)
= u(s),
for some s ∈ N0, by Proposition 2.2(b) and (c). Note that s /∈ qN0, since, otherwise
u(s) = p−1u(n) for some n ∈ N0. This will imply that cm = dm, which is false. Therefore,
〈G˜(ξ)ek′ , ek〉 = ts(p
mξ + pmu(k)),
where s ∈ N0 \ qN0 is as defined above. This completes the proof of the lemma. 
In the following theorem, we provide ncessary and sufficient conditions for the affine
system X(Ψ) to be a tight frame in L2(K). As a consequence, we get a characterization of
wavelets.
Theorem 3.3. Suppose Ψ = {ψ1, ψ2, . . . , ψL} ⊆ L2(K). The affine system X(Ψ) is a tight
frame with constant 1 for L2(K), i.e,
‖f‖22 =
L∑
l=1
∑
j∈Z
∑
k∈N0
|〈f, ψl,j,k〉|
2 for all f ∈ L2(K).
if and only if the functions ψ1, ψ2, . . . , ψL satisfy the following two conditions:
(3.10)
L∑
l=1
∑
j∈Z
|ψˆl(p−jξ)|2 = 1 for a.e. ξ ∈ K,
and
(3.11) tm(ξ) = 0 for a.e. ξ ∈ K and for all m ∈ N0 \ qN0.
In particular, Ψ is a set of basic wavelets of L2(K) if and only if ‖ψl‖2 = 1 for l = 1, 2, . . . , L
and (3.10) and (3.11) hold.
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Proof. It follows from Theorem 3.1 that X(Ψ) is a tight frame with constant 1 if and only if
X˜(Ψ) is a tight frame with constant 1. By Theorem 3.2, this is equivalent to the spectrum
of G˜(ξ) consisting of a single point 1, i.e., G˜(ξ) is identity on ℓ2(N0) for a.e. ξ ∈ D. By
Lemma 3.3, this is equivalent to the fact that equations (3.10) and (3.11) hold. The second
assertion follows since a tight frame X(Ψ) is an orthonormal basis if and only if ‖ψl‖2 = 1
for l = 1, 2, . . . , L (see Theorem 1.8, section 7.1 in [15]). 
The following theorem, initially proved by Bownik [7] for Rn with an integer dilation
matrix, gives a new characterization of tight wavelet frames with constant 1. We extend
this result to the case of local fields of positive characteristic.
Theorem 3.4. Suppose Ψ = {ψ1, ψ2, . . . , ψL} ⊆ L2(K). Assume that X(Ψ) is a Bessel
family with constant 1. Then the following are equivalent:
(a) X(Ψ) is a tight frame with constant 1.
(b) Ψ satisfies (3.10).
(c) Ψ satisfies
(3.12)
L∑
l=1
∫
K
|ψˆl(ξ)|2
|ξ|
dξ =
q − 1
q
.
Proof. It is obvious from Theorem 3.3 that (a) ⇒ (b). To show (b) implies (c), assume
that (3.10) holds. Then, since {pjD∗ : j ∈ Z} is a partition of K, we have
L∑
l=1
∫
K
|ψˆl(ξ)|2
dξ
|ξ|
=
L∑
l=1
∑
j∈Z
∫
pjD∗
|ψˆl(ξ)|2
dξ
|ξ|
=
L∑
l=1
∑
j∈Z
∫
D∗
|ψˆl(p−jξ)|2
qjdξ
|p−jξ|
=
∫
D∗
( L∑
l=1
∑
j∈Z
|ψˆl(p−jξ)|2
)dξ
|ξ|
=
∫
D∗
dξ
|ξ|
= |D∗|
=
q − 1
q
.
To prove (c) ⇒ (a), we assume that (3.12) holds. Since X(Ψ) is a Bessel family with
constant 1, so is X˜(Ψ), by Theorem 3.1(a). Let G˜(ξ) be the dual Gramian of X˜(Ψ) at
ξ ∈ D. By Theorem 3.2, we have ‖G˜(ξ)‖ ≤ 1 for a.e. ξ ∈ D. In particular, ‖G˜(ξ)ek‖ ≤ 1.
Hence,
1 ≥ ‖G˜(ξ)ek‖
2 =
∑
p∈N0
|〈G˜(ξ)ek, ep〉|
2 = |〈G˜(ξ)ek, ek〉|
2 +
∑
p∈N0,p 6=k
|〈G˜(ξ)ek, ep〉|
2.
By Lemma (3.3), we have
L∑
l=1
∑
j∈Z
|ψˆl(p−j(ξ + u(k)))|2 = 〈G˜(ξ)ek, ek〉 ≤ 1 for k ∈ N0, a.e. ξ ∈ D.
Hence,
q − 1
q
=
L∑
l=1
∫
K
|ψˆl(ξ)|2
|ξ|
dξ =
∫
D∗
( L∑
l=1
∑
j∈Z
|ψˆl(p−jξ)|2
)dξ
|ξ|
≤
∫
D∗
dξ
|ξ|
=
q − 1
q
.
From this it follows that
∑L
l=1
∑
j∈Z |ψˆ
l(p−jξ)|2 = 1 for a.e. ξ ∈ D∗ and hence for a.e.
ξ ∈ K, i.e., equation (3.10) holds. By Lemma 3.3 and (3.10), |〈G˜(ξ)ek, ek〉|
2 = 1 for all
k ∈ N0. Hence by (3.13), it follows that 〈G˜(ξ)ek, ek′〉 = 0 for k 6= k
′ so that G˜(ξ) is the
identity operator on ℓ2(N0). Hence, by Theorem 3.2, X˜(Ψ) is a tight frame with constant
1. Therefore, X(Ψ) is also a tight frame with constant 1, by Theorem 3.1. 
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As a consequence of the above theorem, we get a new characterization of wavelets.
Theorem 3.5. Suppose Ψ = {ψ1, ψ2, . . . , ψL} ⊆ L2(K). Then the following are equivalent:
(a) Ψ is a set of basic wavelets of L2(K).
(b) Ψ satisfies (3.4) and (3.10).
(c) Ψ satisfies (3.4) and (3.12).
Proof. It follows from Theorem 3.4 and Lemma 3.3 that (a) ⇒ (b) ⇒ (c). We now prove
that (c) implies (a). Assume that Ψ satisfies (3.4) and (3.12). The equation (3.4) implies
that X(Ψ) is an orthonormal system, hence it is a Bessel family with constant 1. By
Theorem 3.4 and (3.12), X(Ψ) is a tight frame with constant 1. Since each ψl has L2 norm
1, it follows that X(Ψ) is an orthonormal basis for L2(K). That is, Ψ is a set of basic
wavelets of L2(K). 
4. The Characterization of MRA Wavelets
Similar to Rn, wavelets can be constructed from a multiresolution analysis (MRA). We
define an MRA on local fields of positive characteristic as follows (see [16]).
Definition 4.1. Let K be a local field of characteristic p > 0, p be a prime element of K
and u(n) ∈ K for n ∈ N0 be as defined in (2.1) and (2.2). A multiresolution analysis (MRA)
of L2(K) is a sequence {Vj : j ∈ Z} of closed subspaces of L
2(K) satisfying the following
properties:
(a) Vj ⊂ Vj+1 for all j ∈ Z;
(b)
⋃
j∈Z
Vj is dense in L
2(K);
(c)
⋂
j∈Z
Vj = {0};
(d) f ∈ Vj if and only if f(p
−1·) ∈ Vj+1 for all j ∈ Z;
(e) there is a function ϕ ∈ V0, called the scaling function, such that {ϕ(·−u(k)) : k ∈ N0}
forms an orthonormal basis for V0.
Let Ψ = {ψ1, ψ2, . . . , ψL} be a set of basic wavelets of L2(K). We define the spaces Wj ,
j ∈ Z, by Wj = span{ψ
l
j,k : 1 ≤ l ≤ L, k ∈ N0}. We also define Vj =
⊕
m<j
Wm, j ∈ Z. Then
it follows that {Vj : j ∈ Z} satisfies the properties (a)-(d) in the definition of an MRA.
Hence, {Vj : j ∈ Z} will form an MRA of L
2(K) if we can find a function ϕ ∈ L2(K) such
that the system {ϕ(· − u(k)) : k ∈ N0} is an orthonormal basis for V0. In this case, we say
that Ψ is associated with an MRA, or simply that Ψ is an MRA-wavelet.
Now suppose that {ψ1, ψ2, . . . , ψq−1} is a set of basic wavelets for L2(K) associated
with an MRA {Vj : j ∈ Z}. Let ϕ ∈ L
2(K) be the corresponding scaling function. In
Theorem 5.1 of [3], we have characterized the scaling functions for MRAs of L2(K). In view
of this theorem, we have
(4.1)
∑
k∈N0
|ϕˆ(ξ + u(k))|2 = 1 for a.e. ξ ∈ D,
(4.2) lim
j→∞
|ϕˆ(pjξ)| = 1 for a.e. ξ ∈ K,
and
(4.3) ϕˆ(ξ) = m0(pξ)ϕˆ(pξ) for a.e. ξ ∈ K,
where m0 is an integral-periodic function in L
2(D). Also, since {ψ1, ψ2, . . . , ψq−1} are
the wavelets associated with an MRA corresponding to the scaling function ϕ, there exist
integral-periodic functions ml, 1 ≤ l ≤ q − 1, such that the matrix
M(ξ) =
[
ml1(pξ + pu(l2))
]q−1
l1,l2=0
is unitary for a.e. ξ ∈ D (see [16]) and
ψˆl(ξ) = ml(pξ)ϕˆ(pξ).
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Hence, by (4.3), we have
|ϕˆ(ξ)|2 +
q−1∑
l=1
|ψˆl(ξ)|2 = |m0(pξ)ϕˆ(pξ)|
2 +
q−1∑
l=1
|ml(pξ)ϕˆ(pξ)|
2 = |ϕˆ(pξ)|2
( q−1∑
l=0
|ml(pξ)|
2
)
.
Since M(ξ) is unitary, we have
|ϕˆ(ξ)|2 +
q−1∑
l=1
|ψˆl(ξ)|2 = |ϕˆ(pξ)|2.
This equality holds for a.e. ξ ∈ K. Hence, we have
|ϕˆ(ξ)|2 = |ϕˆ(p−1ξ)|2 +
q−1∑
l=1
|ψˆl(p−1ξ)|2.
Iterating, we get, for any integer N ≥ 1,
|ϕˆ(ξ)|2 = |ϕˆ(p−N ξ)|2 +
q−1∑
l=1
N∑
j=1
|ψˆl(p−jξ)|2.
Since |ϕˆ(ξ)| ≤ 1, the sequence {
∑N
j=1
∑q−1
l=1 |ψˆ
l(p−jξ)|2 : N ≥ 1} of real numbers is in-
creasing and is bounded by 1, hence it converges. Therefore, lim
N→∞
|ϕˆ(p−N ξ)|2 also exists.
Now, ∫
K
|ϕˆ(p−N ξ)|2dξ = q−N
∫
K
|ϕˆ(ξ)|2dξ → 0 as N →∞.
Hence, by Fatou’s lemma,∫
K
lim
N→∞
|ϕˆ(p−N ξ)|2dξ ≤ lim
N→∞
∫
K
|ϕˆ(p−N ξ)|2dξ = 0.
This shows that lim
N→∞
|ϕˆ(p−N ξ)|2 = 0. Hence, we get
|ϕˆ(ξ)|2 =
q−1∑
l=1
∞∑
j=1
|ψˆl(p−jξ)|2.
Since {ϕ(· − u(k)) : k ∈ N0} is an orthonormal system, we get for a.e. ξ ∈ K,
1 =
∑
k∈N0
|ϕˆ(ξ + u(k))|2 =
q−1∑
l=1
∞∑
j=1
∑
k∈N0
|ψˆl(p−j(ξ + u(k)))|2.(4.4)
Definition 4.2. Suppose Ψ = {ψ1, ψ2, . . . , ψL} ⊆ L2(K) is a set of basic wavelets for
L2(K). The dimension function of Ψ is defined as
DΨ(ξ) =
L∑
l=1
∞∑
j=1
∑
k∈N0
|ψˆl(p−j(ξ + u(k)))|2 a.e. ξ ∈ K.
Observe that if ψ1, ψ2, . . . , ψL ∈ L2(K), then
(4.5)
∫
D
∞∑
j=1
∑
k∈N0
|ψˆl(p−j(ξ + u(k)))|2dξ =
∞∑
j=1
q−j
∫
K
|ψˆl(ξ)|2dξ <∞.
Hence, DΨ is well-defined for a.e. ξ ∈ K. In particular,
∑
k∈N0
|ψˆl(p−j(ξ + u(k)))|2 < ∞
for a.e. ξ ∈ K. Thus, for all j ≥ 1, 1 ≤ l ≤ L, and a.e. ξ ∈ K, we can define the vector
ωlj(ξ) in ℓ
2(N0), where
ωlj(ξ) = {ψˆ
l(p−j(ξ + u(k))) : k ∈ N0}.
Note that we can also write DΨ as
DΨ(ξ) =
L∑
l=1
∞∑
j=1
‖ωlj(ξ)‖
2
ℓ2(N0)
.
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We have thus proved that if Ψ = {ψ1, ψ2, . . . , ψq−1} is a set of basic wavelets associated
with an MRA of L2(K), then it is necessary that DΨ = 1 a.e. Our aim is to show that this
condition is also sufficient. We will show that if Ψ = {ψ1, ψ2, . . . , ψq−1} is a set of basic
wavelets of L2(K) and DΨ = 1 a.e., then Ψ is an MRA-wavelet. To prove this we need the
following lemma.
Lemma 4.1. For all j ≥ 1, l = 1, 2, . . . , q − 1, and a.e. ξ ∈ K, we have
ωlj(ξ) =
q−1∑
h=1
∞∑
i=1
〈ωlj(ξ), ω
h
i (ξ)〉ω
h
i (ξ).(4.6)
Proof. The series appearing in the lemma converges absolutely by (4) for a.e. ξ ∈ K. We
first show that
ψˆl(p−jξ) =
q−1∑
h=1
∞∑
i=1
∑
k∈N0
ψˆl(p−j(ξ + u(k)))ψˆh(p−i(ξ + u(k)))ψˆh(p−iξ)(4.7)
Let us denote the series on the right of (4.7) by Glj(ξ). Then by using Lemma 3.1 and
equation (3.11), we have
Glj(ξ) =
∑
k∈N0
ψˆl(p−j(ξ + u(k)))
q−1∑
h=1
∞∑
i=1
ψˆh(p−i(ξ + u(k)))ψˆh(p−iξ)
=
∑
k∈N0
ψˆl(p−j(ξ + u(k)))
(
tk(ξ)−
q−1∑
h=1
ψˆh(ξ + u(k))ψˆh(ξ)
)
=
∑
k∈qN0
ψˆl(p−j(ξ + u(k)))tk(ξ)
=
q−1∑
h=1
∞∑
i=0
∑
k∈N0
ψˆl(p−j(ξ + u(qk)))ψˆh(p−i(ξ + u(qk)))ψˆh(p−iξ)
=
q−1∑
h=1
∞∑
i=1
∑
k∈N0
ψˆl(p−j−1(pξ + u(k)))ψˆh(p−i(pξ + u(k)))ψˆh(p−ipξ)
= Glj+1(pξ).
This is equivalent to Glj(ξ) = G
l
j−1(p
−1ξ). Iterating this equation, we obtain, Glj(ξ) =
Gl1(p
−j+1ξ). We now calculate Gl1(ξ). We have
Gl1(ξ) =
∑
k∈N0
ψˆl(p−1(ξ + u(k)))
q−1∑
h=1
∞∑
i=1
ψˆh(p−i(ξ + u(k)))ψˆh(p−iξ)
=
∑
k∈N0
ψˆl(p−1ξ + u(qk))
q−1∑
h=1
∞∑
i=0
ψˆh(p−i(p−1ξ + u(qk)))ψˆh(p−ip−1ξ)
=
∑
k∈qN0
ψˆl(p−1ξ + u(k))
q−1∑
h=1
∞∑
i=0
ψˆh(p−i(p−1ξ + u(k)))ψˆh(p−ip−1ξ)
In the last equation, we can replace the sum over k ∈ qN0 by a sum over k ∈ N0 since the
additional terms corresponding to k ∈ N0 \ qN0 are all zero by (3.11). Hence,
Gl1(ξ) =
q−1∑
h=1
∞∑
i=0
ψˆh(p−ip−1ξ)δi,0δl,h
= ψˆl(p−1ξ).
Thus Glj(ξ) = ψˆ
l(p−jξ) a.e. ξ ∈ K, since 〈ωlj(ξ), ω
h
i (ξ)〉 is integral-periodic, (4.6) follows.
This completes the proof of Lemma. 
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We will also need the following lemma. We refer to [1], [10] and [15] for a proof of this
result.
Lemma 4.2. Let {vj : j ≥ 1} be a family of vectors in a Hilbert space H such that
(i)
∑∞
n=1 ‖vn‖
2 = C <∞, and
(ii) vn =
∑∞
m=1〈vn, vm〉vm for all n ≥ 1.
Let F = span{vj : j ≥ 1}. Then dimF =
∑∞
j=1 ‖vj‖
2 = C.
The main result of this section is the following theorem.
Theorem 4.1. A wavelet Ψ = {ψ1, ψ2, . . . , ψq−1} ⊆ L2(K) is an MRA wavelet if only if
DΨ(ξ) = 1 for almost every ξ ∈ K.
Proof. We have already observed that DΨ(ξ) = 1 for a.e. ξ ∈ K when Ψ is an MRA-wavelet.
We now prove the converse.
Assume that DΨ(ξ) = 1 for a.e. ξ ∈ K. Let E be the subset of D on which DΨ(ξ) is
finite and (4.6) is satisfied. Then ωlj are well-defined on E. For ξ ∈ E, we define the space
F(ξ) = span{ωlj(ξ) : 1 ≤ l ≤ q − 1, j ≥ 1}.
Then, by Lemma 4.1 and 4.2, we have
dimF(ξ) =
q−1∑
l=1
∞∑
j=1
‖ωlj(ξ)‖
2
ℓ2 = DΨ(ξ) = 1.(4.8)
That is, for each ξ ∈ E, F(ξ) is generated by a single unit vector U(ξ). We now choose a
suitable vector. For j ≥ 1, let us define
Xj = {ξ ∈ E : ω
l
j(ξ) 6= 0 for some l, 1 ≤ l ≤ q−1, and ω
l
m(ξ) = 0,∀m < j and 1 ≤ l ≤ q−1},
and
X0 = {ξ ∈ D : ω
l
j(ξ) = 0 for all l, 1 ≤ l ≤ q − 1, and for all j ≥ 1}.
Then {Xj : j = 0, 1, 2, . . . } forms a partition of E. Note that X0 = {ξ ∈ D : DΨ(ξ) = 0}.
So for a.e. ξ ∈ E \X0, there exists j ≥ 1 such that ξ ∈ Xj . Hence, there exists at least one
l, 1 ≤ l ≤ q − 1, such that ωlj(ξ) 6= 0. Choose the smallest such l and define
U(ξ) =
ωlj(ξ)
‖ωlj(ξ)‖ℓ2
.
Thus, U(ξ) is well defined and ‖U(ξ)‖ℓ2 = 1 for a.e. ξ ∈ D. We write U(ξ) = {uk(ξ) :
k ∈ N0}. Now, define ϕˆ(ξ) = uk(ξ − u(k)), where k is the unique integer in N0 such that
ξ ∈ D+u(k). This defines ϕˆ on K. We first show that ϕ ∈ L2(K) and {ϕ(·−u(k) : k ∈ N0)}
is an orthonormal system in L2(K). We have
‖ϕˆ‖22 =
∫
K
|ϕˆ(ξ)|2dξ
=
∫
D
∑
k∈N0
|ϕˆ(ξ + u(k))|2dξ
=
∑
k∈N0
∫
D
|uk(ξ)|
2dξ
=
∫
D
‖U(ξ)‖2ℓ2dξ
= 1.
Thus, ϕ ∈ L2(K). Also,
(4.9)
∑
k∈N0
|ϕˆ(ξ + u(k))|2 =
∑
k∈N0
|uk(ξ)|
2 = ‖U(ξ)‖2ℓ2 = 1.
This is equivalent to the fact that {ϕ(· − u(k) : k ∈ N0)} is an orthonormal system. We
now define V ♯0 = span{ϕ(· − u(k)) : k ∈ N0}. Let Wj = span{ψ
l
j,k : 1 ≤ l ≤ q − 1, k ∈ N0}
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and V0 =
⊕
j<0
Wj. If we can show that V
♯
0 = V0, then it will follow that {Vj : j ∈ Z} is the
required MRA (see the discussion just after the definition of MRA).
We first show that V0 ⊂ V
♯
0 . It is sufficient to verify that ψ
l
j,k ∈ V
♯
0 , k ∈ N0, j < 0,
1 ≤ l ≤ q − 1. For each j ≥ 1, there exists a measurable function νlj on D such that
ωlj(ξ) = ν
l
j(ξ)U(ξ) for a.e. ξ ∈ D. That is,
ψˆl(p−j(ξ + u(k))) = νlj(ξ)ϕˆ(ξ + u(k)) for a.e. ξ ∈ D, k ∈ Z.
Hence, by (4.9), for a.e. ξ ∈ D, we have
(4.10)
∑
k∈N0
|ψˆl(p−j(ξ + u(k)))|2 =
∑
k∈N0
|νlj(ξ)|
2|ϕˆ(ξ + u(k))|2 = |νlj(ξ)|
2.
This shows that νlj ∈ L
2(D) so that we can write its Fourier series expansion. Thus, for
j ≥ 1, there exists {alj,k : k ∈ N0} ∈ ℓ
2(N0) such that ν
l
j(ξ) =
∑
k∈N0
alj,kχk(ξ), with
convergence in L2(D). Extending νlj integer periodically, we have
(4.11) ψˆl(p−jξ) = νlj(ξ)ϕˆ(ξ) for a.e. ξ ∈ K, j ≥ 1.
Taking inverse Fourier transform, we get
ψl−j,0(x) = q
j/2
∑
k∈N0
alj,kϕ(x− u(k)), j ≥ 1.
Hence, ψl−j,0 ∈ V
♯
0 for j ≥ 1. Moreover, since V
♯
0 is invariant under translations by u(k),
k ∈ N0, we have ψ
l
j,k ∈ V
♯
0 , j < 0, k ∈ N0, 1 ≤ l ≤ q − 1.
To show the reverse inclusion, it suffices to show that V ♯0 ⊥Wj, for j ≥ 0. For j ≥ 0, k ∈
N0, 1 ≤ l ≤ q − 1, we have
〈ϕ,ψlj,k〉 = 〈ϕˆ, (ψ
l
j,k)
∧〉 =
∫
K
ϕˆ(ξ)q−j/2ψˆl(pjξ)χk(p
jξ)dξ
= qj/2
∫
K
ϕˆ(p−jξ)ψˆl(ξ)χk(ξ)dξ
= qj/2
∫
D
∑
n∈N0
ϕˆ(p−j(ξ + u(n)))ψˆl(ξ + u(n))χk(ξ)dξ.(4.12)
Using equation (4.10), we get
q−1∑
l=1
∞∑
j=1
|νlj(ξ)|
2 =
q−1∑
l=1
∞∑
j=1
∑
k∈N0
|ψˆl(p−j(ξ + u(k)))|2 = 1 for a.e. ξ ∈ K.
Hence, for such ξ and for all j ≥ 0, there exists j0 ≥ 1 such that ν
l
j0
(p−jξ) 6= 0. Thus, (4.11)
implies that ψˆl(p−j−j0ξ) = νlj0(p
−jξ)ϕˆ(p−jξ). Therefore, for k ∈ N0, we get
ψˆl(p−j−j0(ξ + u(k))) = νlj0(p
−j(ξ + u(k)))ϕˆ(p−j(ξ + u(k))).
Since p−j(ξ + u(k)) = p−jξ + u(qjk) and νlj0 is integral-periodic, we have
ϕˆ(p−j(ξ + u(k))) =
1
νlj0(p
−jξ)
ψˆl(p−j−j0(ξ + u(k))).
Therefore, using Lemma 3.1, for any h with 1 ≤ h ≤ q − 1, we have∑
k∈N0
ϕˆ(p−j(ξ + u(k)))ψˆh(ξ + u(k)) =
1
νlj0(p
−jξ)
∑
k∈N0
ψˆl(p−j−j0(ξ + u(k)))ψˆh(ξ + u(k))
= 0,
since j + j0 ≥ 1. Substituting this in (4.12), we get 〈ϕ,ψ
l
j,k〉 = 0 for j ≥ 0, k ∈ N0, 1 ≤ l ≤
q − 1. From this we conclude that V ♯0 ⊂ V0. This completes the proof of Theorem. 
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